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Abstract—Future 6G wireless systems are expected to provide
not only high-rate communication but also reliable environ-
ment sensing through a unified air interface. Understanding
the fundamental sensing limits in distributed architectures is
therefore essential for guiding pilot design, array configuration,
and resource allocation. We investigate sensing performance in an
integrated sensing and communication (ISAC) cell-free massive
MIMO network with distributed access points (APs) and a single
mobile user. Under a Gaussian observation model, we derive an
information-theoretic upper bound on the trace of the Fisher
information matrix (FIM) by linking mutual information and the
sub-Gaussian property of the score function. We obtain closed-
form Cramér-Rao lower bounds (CRLBs) for estimating the
real and imaginary parts of the channel gain and the angle of
arrival (AoA), by exploiting the block-diagonal FIM structure
and Schur-complement-based matrix inversion. Our derived
CRLBs explicitly characterize how pilot length, noise variance,
array size, and channel strength affect estimation accuracy. In
particular, the AoA CRLB decreases with pilot length, received
signal strength, and array aperture, while channel-gain CRLBs
are mainly governed by pilot resources and noise level with
additional coupling to angular parameters. These results provide
analytical guidance for optimizing the pilot design and antenna
configuration in cell-free ISAC sensing systems.

I. INTRODUCTION

Integrated sensing and communication (ISAC) is a key
technology for beyond-5G and 6G systems, enabling commu-
nication and sensing to share spectrum and hardware resources
[1]]. Cell-free massive MIMO further improves coverage and
macro-diversity through distributed access points (APs) co-
ordinated by a central processing unit (CPU) [2f]. Their in-
tegration is therefore promising for high-accuracy networked
sensing in spatially heterogeneous environments [3]].

A central challenge is to characterize sensing accuracy
under distributed reception and noisy pilot observations. Ex-
isting ISAC sensing studies often rely on specific estimators
or simulation curves [4]], while fewer works provide explicit
information-theoretic limits that characterize the impact of
pilot length, array geometry, noise, and channel strength [3].
In cell-free systems, AP-wise parameter coupling further com-
plicates how local sensing information contributes to global
estimation performance [6].

To overcome the above-mentioned difficulties, in this paper,
we develop the Fisher-information and CRLB techniques for
jointly optimizing cell-free massive-MIMO AP-based sensing
accuracy over ISAC mobile networks. We derive an upper
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Fig. 1. The Fisher-information and CRLB model for joint-optimizing CF/m-
MIMO-AP based ISAC mobile networks.

bound on the trace of the Fisher information matrix (FIM),
connect it to mutual information and sub-Gaussian score
functions, and obtain closed-form Cramér—Rao lower bounds
(CRLBs) for channel-gain and angle-of-arrival (AoA) estima-
tion. These results reveal how pilot resources, antenna number,
array aperture, and signal-to-noise conditions affect sensing
accuracy.

The rest of this paper is organized as follows. Section
presents the system model. Section derives the Fisher-
information bound and CRLB results. Section develops
the joint multiple-resource optimization scheme. Section
evaluates performances, and Section |VI| concludes the paper.

Notation: [-]T, || |l2, In, E[-], vec(-), exp(+), Amax (), R{},
Cov(-), and [A]; ; denote transpose, Euclidean norm, identity
matrix, expectation, vectorization, exponential function, largest
eigenvalue, real part, covariance, and the (i, j)-th matrix entry,
respectively. For symmetric matrices, A > B means that A —
B is positive semidefinite.

II. THE SYSTEM MODELS
A. Network Model

We consider an ISAC cell-free massive MIMO network with
M APs, each equipped with L antennas, serving a single-
antenna MU at p = [p,, py]T € R2. The AP and antenna index
sets are M = {1,...,M} and £ = {1,..., L}, respectively.
Pilot symbols are used for sensing, and each pilot has length T’

with pilot-time index set 7, = {1,...,T'}. The noise variance
is o2. For AP m € M, define 0,, = [am’R,am,bqﬁm]T €
R3*1 where oy, = amp + jam, s and ¢y, is the AoA.

The CPU collects the global real-valued parameter vector
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6= {01, o GJTM} € R3M>1 The unit-norm ULA steering
vector is
1 - , T
A (dm) :\ﬁ {1’ eJrsin ¢7n7 o ,em(L—l)sm ¢m.j| . (D

where k = 27d/ ), with antenna spacing d and wavelength A.
Let s, + denote the ¢-th pilot of AP m, with E {lsm,t|2} =1
The received signal is

Xm,t = amam(¢m)sm7t + Nyt (2)

where n,, ; ~ CN(0,0°1Iy). Stacking the T pilots at AP m
gives

Xm = [xm,h ce 7Xm,T} = amam(¢m)sm + Nm S CLXTa
3)
where S, = [Sm15--+,Sm,r] and Ny, = [y, 1, ..., 0y, 7).
The CPU observation is x¢ = vec([Xy,...,Xnp]) €

(C]WLTX 1

, and s¢ = [s1,...,s] collects all pilot sequences.

B. Fisher Information Model

Under i.i.d. Gaussian noise, the likelihood of x¢ is [7]]

pclo=T111 4

m=11=1 ( 77‘72
1
X exp <_O'2 ||Xm,t - O‘mam(¢m)5m,t|§) . (4)

Ignoring constants, taking the logarithm of the likelihood gives

£(0;xc) £logp (xc | O©)

M T
1 2
=3 Z Z me,t - amam(¢7rl)377L,t||2 .

m=1 t=1

Based on this log-likelihood, define the FIM with respect to
the real parameter vector © as

L (©) = Exgjo [Vol (0;x0) VL (O;xc)] . (6)

The mutual information between X and s¢ is defined as

p (xc,sc|O)
Te (xc;8c) = Exo s log ———~F—F~ (N
(xeis0) = Bxcsclo |8 10) b (s0)
Define the residual
rm,t(em) =Xm,t — amam(¢m)sm,t~ (8)
At the true parameter 6, v, +(6),) = 0, ¢. For o, g,
aam,R (amam(¢m)5m,t) = am(¢m)5m,t- 9
Hence,
0l (0;x¢)
Sa 0,,)=—"~
m,R( ) aam R

= QZ%{am ¢m)5mt)HI‘mt( )} (10)

t=1

At 6, =0,

T
S (0 :%Z R{ @ (Gn)sm ) e} (D)

which is real Gaussian. Likewise,

(amam(¢m)57rL,t) = ja7rz(¢m)3m,t7 (12)

8am,[

with score function:

SamI m 022%{ am ¢m)3mt)Hrmt( )} (13)

At 0, =6, S,, ,(0;,) is also real Gaussian. For ¢,,,

ﬁ (amam(d)m)s'rn,t) = O‘main((ﬁm)sm,ta (14)
where a/, (¢,,) = aaT((b) The corresponding score is
ol (©;xc
022%{ aeravrz(¢7rz)Sm t)Hrm t( )} (15)
t=1
At 6, =6;,

T
Se,. (05, —%Z {ama (bm)sm,t)Hnm,t}, (16)

so Sy, (0;,) is real Gaussian. Therefore,

S (01) = [Sann(Bm)s Sanr (0m)s o (8)]

is jointly Gaussian at @) . Hence, for any unit vector u,
u'S,,(0:,) is Gaussian, so S,,(8,) is sub-Gaussian with
parameter N [8[]. A zero-mean scalar random variable X,,
is sub-Gaussian with parameter N if

E [e)‘XW] < 6L2N2

a7

(18)

for all A € R [9].

III. FISHER INFORMATION BOUND AND CRLB ANALYSIS
A. Fisher Information Matrix

The FIM measures how sensitively the received pilot ob-
servations change with the sensing parameters. A larger FIM
generally implies more accurate parameter estimation. How-
ever, the trace of the FIM alone does not clearly show how
communication resources, such as pilot length and quantiza-
tion bits, affect sensing accuracy. To make this relationship
explicit, we upper-bound the FIM trace by using the mutual
information Zg(xc;sc) between the CPU observation x¢
and the pilot sequence sc. The following theorem therefore
relates to the sensing-information bound to the pilot resources,
channel strength, antenna number, and array geometry.



Theorem 1: If I, (©) is defined by Eq. (6) and Zg (x¢;sc)
is defined by Eq. (7)), and their responding control parameters
are defined as follows:

|a] £ max ||,
meM

a’(¢)[l, £ max fag, ($m)]l; (19)

A
cos? ¢ = max cos? D
meM

then the following claims hold:
Claim 1. Under the Gaussian observation model,

4M'T 2
o (24 ol 1(9)]13) Zo (xcssc)
(20)
Claim 2.If S,,,(0,,) given by Eq (17) is sub-Gaussian with
parameter N, and the number of L antennas is given, then
4MT
p Ze (xc;8c)

x<2+|a|2n2(cos2¢)w62Ll)>, (21)

Claim 3. If the total number b of bits contained by each
pilot is given, then

Tr(Ix(0)) <

Tr(Ix(©)) <

SYT2M?L
T (Lo (0)) <5
L-1)(2L—-1
X (2—|-|oz|2,‘$2(cos2 ) ()(6)> (22)
Proof: The proof is provided in Appendix [A] [10], whose
full version of this paper is available online. ]

B. Overall CRLB Derived from the Trace Bound

Using the global parameter-vector ordering defined in Sec-
tion [II}

© = [oa,r,01,1,01,-- -aOKJVI,RaaM,Ia(bM}T € R¥Mx1(23)
For any unbiased estimator @ the CRLB is [11]
Cov(©) = L. (©) 7, (24)

where I (©) is the FIM of x¢. Taking traces gives [[12]

Tr(cov(é)) > Tr(Ieo (0)71) . (25)

Let the eigenvalues of L. (©) be {\;}3M with \; > 0. Then

3M 3M

Tr(Lo(©)) = Y X, and Tr(Leo(0)7') = Ai (26)

i=1 i=1 """

By Cauchy-Schwarz,

3M 3M
) —_ | > 2
<Z )\Z> <Z M) > 9M?, 27)
i=1 i=1
which implies
M2
Tr(Iko(©)71) J (28)

Hence,
9M2

> .
~ Tr(Ixc(9))

Combining Eq. (29) with Eq. (22) derived in Claim 3 of
Theorem 1, and using the unbiased-estimator identity between

total MSE and covariance trace, we obtain the following
expression:

Tr(cov(é)) (29)

E[Hé - @Hz] = Tr(Cov(®))
. 90

"~ SUT2L(2+|af262 (cos? 9) L=DRLELY
(30)

C. CRLBs for Channel Gain and AoA
Independence across APs yields the block-diagonal FIM

I,(61) 0 e 0
0 I,(02) --- 0
IXC (6) = : : . : 1) (31)
0 0 Tr(01)
where L,,,(6,,) € R3*3 is the local FIM. Hence,
11(01)_1 0 ce- 0
~ 0 I, (02)_1 cee 0
Cov(©) = . . . .
0 0 IM(GM)_l
(32)
Therefore, it suffices to invert each local FIM. Define
dm = am((JSm)Ha{m((bm)v
a 9 (33)
Nm = ||am(¢’m)|l27
and I
Cm =k (cos ¢pm) 7; . 34

Using the ULA steering-vector identities and the local Gaus-
sian FIM, we obtain

L% -1
Em = |am > (M — ) = |am|*K? (COS2 ¢m) BETE (35)
and the local FIM
1 0 —Cm Q. T
2T mem,
I.(0,,) = — 0 1 CmOm, R (36)
7 —CmQm, I CmQm R |04m|277m
Applying the Schur complement [[13]] to Eq. (36) yields
1+ Cznazn,l _cﬁqam,Ram,I CmOm, T 1
5 é"m gm Em
2 2 2
Im(em)_l :L _Cmam,Ram,I 1+ CmQm R _Cma'm,R
2r €m €m €m
CmOim, T 7Cmam,R L
fm gm gm .
37
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The diagonal entries first give

2 2 2
- o (68
Var(Gm,r) > —= <1 + mm[) :

2T &m
. o? i R 9
Var(Qpm,r) > oT <1 + §m> ,
and ~ 52
Var(¢m) > [Ln(0m) '], , = e (39)

Substituting Eq. (34) and Eq. (33) into Eq. (38) and Eq. (39)
gives the following theorem.

Theorem 2: For the local parameter vector 6,, =
[m. Ry Q.1 ] T, if ap # O and cos ¢, # 0, then the
closed-form channel-gain CRLBs are

2 1) a2
Var(Qm,,r) > g—T <1 + 3(LL7+11) |O:;|12> ,
N o2 3(L—1) g @
Varl@m.1) 2 57 (1 R am’|2> |
and the closed-form AoA CRLB is
Var(épm) 60" (41)

> .
~ Tam[? K2 (cos? ¢m) (L* — 1)

Proof: The proof is provided in Appendix [B] [10]. ]
Thus, the channel-gain bounds are mainly governed by T’
and o2, while the AoA error decreases with T, |a,,|?, and

array aperture.
IV. JOINT MULTIPLE RESOURCES OPTIMIZATION SCHEME
Define the AP-wise sensing-quality coefficient
gm = lam|? cos® fm, 42)

which combines channel strength and angular sensitivity. Sort
the M.« candidate APs as

91) 2 92) 2 2 9(Mumax)- (43)
The accumulated gain of the best M APs is
M
Gu =Y 90)- (44)
i=1
The network-level AoA Fisher information is
N Tk?(L? - 1)
I¢et(T7L7M) = TG]VI- (45)
The corresponding CRLB is
net 602
CRLB(T,L,M) = (46)

O TrR2(L2 - 1)Gy

Balancing CRLB reduction with pilot overhead, AP activa-
tion, and antenna energy and number of antennas gives
602 v 5 T n M n ML
.z il y—_
TH2(L2 — 1)GM Tc MMmax Nmax’
(47

J(T,L, M) =

where T, is the coherence-block length, Ny, is the antenna
budget, and S, i, and v are cost weights.
The resulting problem is

min  J(T,L, M)
T,L.M
s.t. Tmin < T < TmaX7
Lmin < L < Lma)u (48)
1 <M < Mpax,
ML S Nmaxa
T,L,M € Z".

We solve this finite mixed-integer problem by alternating
search. For fixed M and L, define

602

A = 49
M,L 22— 1)Gnr (49)
The function of 1" is
AM L T
Jr(T) = : —. 50
7(T) 7+ BTC (50)
The pilot-size update is
Ay 16 T
(r+1) _ . M) L) 4
T arg jr%l% {T + ﬁTC] , (51)
where
ﬂ:{TGZJr |Tmin§T§Tmax}~ (52)
The continuous reference solution is
Ay Te
TH(M,L) = MBL . (53)

Then search 7 for the integer 7"t1). The antenna-number
update is

LU+ = arg  min 60
Lele(Mm) | Tr+1) g2 (L2 — 1)GM(T)
(54)
ML
Y N |

with feasible set

£f(M) = {L € Z+ | Lpin <L < Lmaxa ML < Nmax} .
(55)
This balances array gain and antenna cost. The AP-number
update is

602
(r+1) _ .
M a8 MeMI?(l?vH)) T(T+1)HZ<(L(T+1))2 _ 1)GM
M ML+
- uMmax v Nmax ’

(56)
with feasible set

Mf(L) = {M € zt | 1< M < Mpax, ML < Nmax}~
(57)
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Fig. 2. The average AoA CRLB as a function of the pilot length 7" and the
number of antennas L.
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Fig. 3. Comparison of AoA CRLB versus the number of APs.

Thus, M trades accumulated sensing gain against activation
and antenna-related costs.

Starting from feasible (7, L), M), cyclically update
T, L, and M until

‘J (T(T"'l),L(T"'l),M(H'l)) —J (T(T),L(T),M(T))‘ <e,
(58)
where ¢ is the tolerance. The final allocation is

(T, L, M*) = (7O, L0, MOH0) - (59)

Hence, the selected configuration balances sensing accuracy
and resource cost rather than maximizing 7', L, or M alone.

V. PERFORMANCES EVALUATIONS

Fig. 2] shows the average AoA CRLB versus the pilot length
T and the antenna number L. The CRLB decreases as 1" and
L increase, and the strong gain from larger arrays is consistent
with the scaling law CRLB o< 1/(7'L?). This highlights
the importance of pilot allocation and antenna deployment in
ISAC cell-free Massive MIMO sensing.

Fig. [B] compares the AoA CRLB of different deployments
versus the number of APs. The distributed cell-free deploy-
ment gives the lowest CRLB, benefiting from shorter access
distances and more favorable AoA geometry, while centralized
and random fixed-BS deployments are limited by fixed geom-
etry or larger path loss. This confirms the sensing advantage
of distributed AP deployment.

Fig. @] shows the sensing utility versus the number of
activated APs under different antenna configurations, with T’
optimized for each (M, L) pair. Increasing M first improves

Sensing utility —10logioJ

1 2 3 4 5 6 7 8 9 10 11 12
Number of activated APs M

Fig. 4. Sensing utility function versus number of APs.
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Fig. 5. Sensing utility function versus number of antennas per AP.

utility by accumulating Fisher information, but activation and
RF-chain costs eventually cause saturation or degradation.
Thus, activating all APs is not always optimal.

Fig. [5] shows the sensing utility versus the number of
antennas per AP. A larger L improves array aperture and
angular sensing, but the gain is limited by antenna/RF-chain
cost. The proposed method therefore balances CRLB reduction
and resource consumption instead of simply maximizing M
or L.

VI. CONCLUSIONS

We developed a Fisher-information-based analytical frame-
work for ISAC cell-free massive MIMO sensing and de-
rived explicit CRLB expressions for channel-gain and AoA
estimation. Theoretical scaling laws and simulation results
consistently show that longer pilots, larger arrays, and stronger
received signals improve sensing accuracy, providing practical
guidance for pilot and antenna configuration in future ISAC
cell-free Massive MIMO deployments.
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APPENDIX A
PROOF OF THEOREM 1

Proof: We proceed with the proof through Claim 1,
Claim 2, and Claim 3, respectively, as follows:
Claim 1: To obtain a sub-Gaussian parameter uniform over
all directions u, a simple choice for IV is

N? = Aax (Ixc. (9)) . (60)

We use the maximum eigenvalue because it captures the dom-
inant variability/information direction of the matrix, providing
a conservative direction-independent measure of correlation
strength; since both the correlation matrix and the FIM are
built from quadratic outer-product terms, their largest eigen-
values represent the dominant correlation/information mode.
For each (m,t), the useful signal can be written as

/J'm,t(em) - amam(¢m)sm,t~ (61)

For the real parameter vector [t g, Qm.1, ¢m]T, the corre-
sponding derivatives are

8/"'"7, t

m - am((bm)sm,h

Oy 4

_rmie _ (D) Sim 62

aam’] Jja (¢ )S b ( )

all’mAt /

8¢7n - amam(qu)sﬂl’t'

Define the Jacobian matrix
alj’m,t ap’m,t al'l’m,t
aO‘m,,R7 aam,[ ’ a¢m

For the model Xy, s ~ CN (g, ((6m), 0?1L), the FIM asso-
ciated with (m,t) satisfies

e Cl*3. (63)

Jm,t(am) =

(64)

2
A (L t(0)) < 5 [T (0I5

where

HJm,t(OM)H; £ Ham(¢m)3m,t”§ =+ ”jam((lsm)stHE

2
+ [lemag, (m)sm,tll; - (65)
Under the umt norm/unit-power assumptions ||a,, (¢m,) ||2 =1
and |s,,+|* = 1, we obtain

2 !/
Ao (L t(8)) < =5 (24 el (0)3) - (66)

By independence across (m,t), the FIM is additive, i.e.,

M T
) = Z Zlm,t(am)

(67)
m=1t=1
Hence,
M T
/\max (Ixc S Z Z max om))
21 Ti )
<=5 2+l @) . ©8)
Substituting Eq. into Eq. (68) gives
2MT 2
N2 < o= (24 o |2 (9)1) - (69)
According to [[14],
Tr (I (©)) < 2N?Tg (xc;sc) - (70)

Thus, Claim 1 follows.
Claim 2: For the unit-norm ULA steering vector, the [-th

entry is
1
ar(pm) = ﬁeﬂ"“‘“‘i’m, 1=0,...,L—1. (71)
Taking the derivative with respect to ¢,, yields
0 | R
—a;l = ﬁewl S @m (GK1COS Pr) - (72)
Therefore,
, b oa; | 1 L-1
Ha/(qu)HQ = a¢ = f”f2 COS2(¢m) Z 12' (73)
1=0 m 1=0
Moreover, ZlL;I 2 = %, and hence
L-1)2L -1
ol (oml} = (cos? 6,) | E=HEEZD ]

Substituting Eq. into Eq. (20) proves Claim 2.



Claim 3: Since all pilot symbols are equiprobable, the
mutual information between x¢ and s¢ satisfies [|15]]

To (xc;58c) < H (s¢) < Biot, (75)
where By, = 20M LT is the total number of bits. Substituting
Eq. (73) into Eq. (ZI) proves Claim 3. [ ]

APPENDIX B

PROOF OF THEOREM 2

Proof: This appendix derives the local FIM and the
auxiliary ULA identities used in Section |[II} For the Gaussian
observation model, the per-pilot local FIM is

2

Lot (Om) = —5R{ I (01)" T t(0m)} . (76)
Using Eq. (33), ||am(ém)|2 = 1, and E [|smt|2} =1, we
obtain
2 1 0 8?{am%n}
1,,:(0,) = o 0 1 R{—jamqm}| -

§R{Oémqm} 8:E{_jo‘m%n} |am|277m
(77

Summing over the T independent pilots gives

Im(em) = Z Im,t(em)

1 0 R{maqm}
2T mAam
:? 0 1 R{—jamaqm}
R{amgm}t R{—jomam} ‘O‘M|2nm
(73)
From Eq. (1),
. L-1
qm = jk (COS dm) 9
(L—1)(2L — 1) (79
N = K (C052 ¢m) 6
Since dm = jcnu we have §R{Oé’mqm} = —CmQmJ and

R{—jmGm} = Cmam, r, which gives Eq. (36). Moreover,

L2 2 (eog? (L-1HRL-1) (L-1)
N — €y =K (cos® ¢y 5 1
L7 -1
2 (o2
=K (cos (bm) o
which gives Eq. (35). This completes the proof details used
by Theorem 2. [ |

(80)
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